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1.1 Uniaxial Loading

1.1.1 Uniaxial (one-dimensional) Stress and Strain Relationships

For a uniaxial loading situation, conventional (also called ‘nominal’ or ‘engineering’) strain is

defined as the change in length per unit original (undeformed) length. Figure 1.1 shows a bar or

strut of original length Lo and area Ao , and final length L, and area A, subjected to a uniaxial

force F, for which the engineering (or nominal) strain can be expressed as follows:
Ln - Lo u

P = 1.1
engineering L Lo (1.1)
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Figure 1.1: A uniaxial bar under tension
Stress is generally defined as the average force (F) per unit area (A). For a uniaxial loading
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situation, the stress can be simply defined as follows:

F
Oengineering :K (1.2)

This definition assumes that the stress is uniform over that particular area, but in reality stresses
are seldom uniform over large areas. Therefore, it is more meaningful if this area is made very
small, thus introducing the mathematical concept of “stress at a point” defined as follows:

. oF

The concept of stress at a point is physically valid because a small area 6A would carry a small
amount of force oF.

1.1.2 Uniaxial stress-strain curves

Some basic ideas underlying the theory of elasticity and plasticity can be presented with
reference to simple one-dimensional experimental tests on an elasto-plastic material, in which
a test specimen in the shape of a cylindrical bar is subjected to a uniaxial tension F, as shown
in Figure 1.2.
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Figure 1.2: Uniaxial test specimen

Typical engineering (nominal) stress-nominal strain curves are shown in Figure 1.3(a) for low
and medium carbon steels and Figure 1.3(b) for alloy steels and non-ferrous metals. These tests
are usually performed under displacement control. If the test is conducted under load control,
i.e. the load is gradually increased, the softening part of the stress-strain curve will not be
featured.

The following observations can be made:

) The load rate or the strain rate influences the stress-strain curve.
° The stress linearly varies with strain until the yield point is reached.
° The stress value which separates the stress-strain curve into an elastic portion and a
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plastic portion, is the yield stress, oys .
The maximum stress reached in the test is the ultimate tensile stress (UTS),

The strain reached when the specimen fails, %A, is the percent elongation, which is
measure of the ductility of the material.

In some materials, ays can be easily identified from the stress strain curves, as shown in
Figure 1.3(a) for low and medium carbon steels where two yield points can be
identified, for which an upper yield stress and a lower yield stress are defined. However,
often only a single value of the yield stress is used. Usually the lower yield stress is
quoted.

In some materials, such as alloy steels and non-ferrous metals, the transition from linear
to non-linear stress is a gradual process with no clearly identifiable yield stress, as
shown in Figure 3(b). In such materials, a stress quantity called the proof stress at a
given plastic strain is defined. Typically, 0.1% and 0.2% proof stresses are used for
engineering problems.
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Figure 1.3: Typical uniaxial stress-strain curves
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(a) Low and medium carbon steels

(b) Alloy steels and non-ferrous metals
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1.2 Three-Dimensional Stress and Strain

1.2.1 Multi-axial (3D) stress definitions

In a 3D Cartesian (X, y and z) axes system, there are six components of stress, as follows (see
Figure 1.4)

o Three direct (tensile or compressive) stresses (oxx , ayy , 0zz) caused by forces normal to
the area
o Three shear stresses (oxy , 0xz , 0yz) caused by shear forces acting parallel to the area

The first subscript refers to the direction of the outward normal to the plane on which the stress
acts, and the second subscript refers to the direction of the stress arrow

For simplicity, in most problems the first and second subscripts can be interchanged, i.e. oxy =
oyx, Oyz = 02y and ox; = ozx (Complementary shear stress).

A “stress matrix” or a ‘“stress vector’, which contains all stress components, can be
conveniently expressed as follows:

O xx

[o]= (1.4)

Similarly, a “strain vector” can be defined as follows:

& xx
Eyy

Eu

[£]= (1.5)
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Figure 1.4: 3D Cartesian stresses

1.2.2 3D strain definitions

For 3D multi-axial problems, the uniaxial definition of strain as equal to AL/L is not applicable
since there is no measurable ‘length’ in a 3D continuum.

3D strains can only be defined in terms of the displacements of the domain. The 3D direct (i.e.
non-shear) strains are related to the displacement components as follows:

Ouy
Fxx = 0 X
8uy (1.6)
€yy —W .
_0uy
€72 = o7

where uy, Uy and u; are the displacements (deformations) in the x,y and z directions, respectively

Note that the use of partial differentiation symbol (J) in the above equations is intentional and
indicates that the displacements (ux, uy and u;) can be functions of the x, y and z coordinates.
For example, it would be incorrect to express the strain &« as (dux/dx), since this would indicate
that uyx is a function of only x (which is incorrect in a 3D domain), whereas (oux/0x) indicates
that uy is a function of x as well as other variables (in 3D problems, uyx is a function of x,y and

2).

The 3D shear strains are defined as follows:

W72l oy ox
1(0uy Ouy
_= it 3 1.7
=75z axJ (L7
ou
2\ 0z oy

It should be noted that two definitions are often used for the shear strain, one with the 1/2 factor
and one without. The shear strain definition with the 1/2 factor (often referred to as the
“mathematical shear strain”) is mainly used for the convenience of use in tensor notations.
The shear strain definition without the 1/2 factor is referred to as the “engineering shear
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strain”. Both definitions are valid, provided that the definition is followed throughout the
derivation of other relationships involving strains.

The notation and sign convention used for strains are the same as those used for stresses, i.e.
tensile strain (elongation) is positive while compressive strain is negative.

1.2.3 3D Stress-Strain Relationships (Hooke's Law)

Stress-strain relationships are often called “Constitutive Equations”. For isotropic linear elastic
materials with thermal strain, the following 3D stress-strain equations (Hooke's law) can be
used:

17
Exx £ 0 xx —V(O'yy +O'ZZ)] +a(AT)
17
Eyy k] o vy — v (ox +O'ZZ)] +a(AT)
17
Ez7 = 022 —V(GXX +‘7yy)] +a(AT)
1 (1.8)
8xy= Zo-xy
£ —ia
xx = 21 Xz
&£ —io
yzo — 2u yz

where
E = Young's modulus (units: N m2)
v = Poisson's ratio (no units)
u = Shear modulus (units: N m)
a = Coefficient of thermal expansion (units: per °C)
AT = Temperature change from a reference value (units: °C)

The shear modulus w is defined as follows:

(1.9)

Hooke’s law is usually written with strains placed on the left hand side of the equations, i.e.
strains are expressed as a function of the stresses. However, in computational mechanics
formulations, it is often more convenient to place stresses on the left hand side of the equations,
i.e. stresses expressed as functions of strains. This can be easily achieved by algebraic
manipulation of Hooke’s law such that the stresses are on the left hand side, resulting in the
following matrix expression, often referred to as the “material constitutive equation

o] = [D] [e] (1.10)

where [D] is called the “elastic property matrix”.
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1.3 Energy Approaches

1.3.1 Stable and Unstable Problems

Static equilibrium can be stable, unstable or neutral. For example, a ball inside a concave
surface is in stable equilibrium because, if displaced sideways, it will try to return to its rest
position, i.e. the system reaches a position such that its potential energy is minimum. On the
other hand, a ball on a convex surface will not return to its position if displaced sideways and
the potential energy is maximum. Neutral equilibrium is achieved when the ball is placed on a
frictionless flat surface, i.e. if displaced sideways it will stay in the new position and will not
return to its old position. Here, the potential energy is unchanged with the displacement. Figure
1.5 summarises the three types of static equilibrium.

In linear FE or structural analysis, the objective of the analysis is always to find a solution in
which equilibrium is ‘stable’. The principle of minimum total potential energy (T.P.E.) is often
used in FE formulations by expressing the problem in terms of the independent variables
(usually displacements) and then minimising the T.P.E. with respect to the displacements.

1.3.2 Strain Energy

The work done by external forces on the body is stored in the form of strain energy. This strain
energy is released upon the removal of the applied loads and the body returns to its un-deformed
state.

For linear elastic behaviour, an expression for the elastic strain energy can be derived as
follows:

U= %[0][5] x volume (1.11)

If the material behaviour is non-linear, a more general expression can be written as follows:
U=|[odedV (1.12)

ve

1.3.3 Work Done by External Forces

Another form of potential energy arises from the work done by the external forces that cause
deformation of the body. This energy can be written as follows:

W:ZFiui (1.13)
|

where i is any point where the force Fi causes a displacement u;. More general expressions can
be derived for distributed loads or body forces such as centrifugal or gravitational loads.
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Figure 1.5: Static equilibrium states

1.3.4 The Principle of Minimum Total Potential Energy (T.P.E)

The total potential energy (T.P.E.) can be expressed as the difference between the strain energy
and the work done by the external forces, as follows:
TPE=U-W (1.14)

The principle of minimum total potential energy states that when the body is in equilibrium,
the value of the T.P.E. must be ‘stationary’ with respect to the variables of the problem. The
equilibrium is stable if the T.P.E. is minimum (and unstable if the T.P.E. is maximum).

In most FE formulations, the displacement, u, is chosen as the unknown (i.e. independent)
variable of the problem, and the principle of minimum T.P.E. requires that the T.P.E. is
stationary with respect to the displacements (not forces or stresses), i.e.
T.P.E.
M:O (1.15)
ou

In FE formulations, it can be shown that the stationary T.P.E. is minimum. This minimisation
of the T.P.E. can be done for each element in a finite element model, assuming that the
interfaces between the elements make no contribution to the T.P.E.
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1.4 Some Mathematical Background on Matrices

Using Matrices to represent equations

Matrices are often used to simplify writing length algebraic equations. For example, the
following three equations:

PiiXg+ Ao X + Agxz =Dy

A21 X+ A22 Xo + A23 X3 = b2 (116)

Ag1Xq + Agp Xp + Agz X3 = by

can be expressed as matrices as follows:

Al A Asllx by
A1 A Aoz || X =D (1.17)

Ag1 A Agz|[X3| |bs

or, in a more concise form:

[A] [x] =[] (1.18)
where, in this example, [A] is a 3 x 3 matrix, [X] and [b] are 3 x 1 matrices.

In general, equation (1.18) can be used to represent any number of equations. If N is the total
number of equations, then [A] is a N x N matrix, [x] and [b] are N x 1 matrices.

Note that matrices such as [x] and [b] with just one column are sometimes called "vectors".

Matrix Multiplication

By observation of equations (1.16) and (1.17), the matrix multiplication rules can be easily
learnt. In general, if two matrices [A] and [B] are multiplied, then the number of columns of
[A] must be the same as the number of rows of [B], i.e. if [A] is a (m x n) matrix, and [B] is a
(p x ) matrix, then n must be equal to p. The resulting matrix [C] is a (m x g) matrix.

[A] Mxn)y [g] (Pxa) =[c] M=) (h mustbeequalto p) (1.19)

Note that, in general, [A] x [B] is not equal to [B] x [A]

Transpose of a Matrix

If the rows and columns of a matrix [A] are interchanged, the resulting matrix is called the
transpose of [A] or [A]". If the elements of [A] are written as ajj, then the elements of [A]" are
dji.
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The following example shows a matrix [A] and its transpose [A]™:

4 2 6 9 4 3 17 22
3 78 2 2 7 5 7

[A]= [A]T = (1.20)
17 5 5 11 6 8 5 8
2 7 8 1 9 2 11 1

The following relationships are useful:

([Alx[B])T =[B]"x [A]'
(1A )7 - -

Symmetric Matrix

A square matrix (number of rows equal to the number of columns) is called “symmetric” if
[A]™= [A], i.e. aij = aji . This means that matrix coefficients above the diagonal of the matrix
are “mirror images” of those below the diagonal. For example, the following square (4x4)
matrix is symmetric:

(1.22)

N 00 N DN
~N O1 00 O
N N O

In FE formulations, the stiffness matrices are symmetrical, and it is important to exploit this
symmetry to economise on the storage requirements of large matrices.

Inverse of a Matrix

A “unit matrix”, [I], is a square matrix in which all the coefficients of the principal diagonal
are equal to 1, while all other coefficients are zero, as follows:
10 0

1]-

0
0100
(1.23)
0010
0001

If for a given matrix [A] there exists a matrix [B] such that [A][B] = [I], where [I] is a “unit
matrix”, then [B] is called the “inverse” of [A] and is denoted by [A] *as follows:

[A] x [A‘lj =1] (1.24)

Therefore, to solve a system of linear algebraic equations, such as that shown in equation
(1.18), both sides of the equation can be multiplied by [A]* to give:

[x] = [A—lj [b] (1.25)

However, for large matrices, such as those associated with FE analysis, it is important to use
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efficient numerical methods for solving large systems of algebraic equations. Inverting a large
matrix requires a substantial number of mathematical operations, e.g. of the order of N # where
N is the number of equations.

In practice, the direct computation of the inverse of [A] is avoided, because it is very
“expensive” (i.e. requires a substantial amount of computational time). Instead, special
equation solving methods such as “Gaussian Elimination” or iterative “Gauss-Seidel”
techniques are used.

An Example of Using Matrices in Equations

To demonstrate the advantages of using matrices in FE formulations, consider a one-
dimensional (uniaxial) problem where the strain energy stored in the body, per unit volume, is
given by:

This expression can be generalised for two-dimensional problems, as follows:

1
U= 5 (Uxx Exx + Oy Eyy + Oxy Exy ) (1.27)

Similarly, for three-dimensional problems:

1
U= 10w &y +Ow Ew+ 077 E77+0yw Exy + Oyr Exy + Oy € 1.28
2(xx XX w €y 2z €722 tOxy €xy xz €xz yz yz) ( )

Rather than dealing with three equations, it is much more convenient to express all the above
equations in a single equation applicable to any dimensionality. Using matrices, all 3 equations
can be combined as follows:

1
U= [o]" [¢] (29)
where [o] and [£] are the stress and strain vectors, respectively.
Note that [¢]" , i.e. the transpose of the stress matrix, is used in equation (1.29) in order to

satisfy the matrix multiplication rules. Since [¢]" is a 1 x 6 matrix and [&] is a 6 x 1 matrix, their
product isa 1 x 1 matrix, i.e. a matrix with only one coefficient.

An Alternative Tensor Notation

An alternative notation, called the “tensor” notation, is also widely used in computational
mechanics formulations. This notation is based on using subscripts such as i, j, and k as follows:

1
U= 2 Oij €ij (2.30)

where the subscripts i and j take the values 1, 2 and 3 corresponding to the Cartesian directions
X,y and z, respectively.

Both matrix and tensor notations are widely used in computational mechanics formulations.
Only matrix expressions will be used hereafter.

FE-01: Stress Analysis & Mathematical Background page 1.11



